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Problem

min F(x) := E(f(x,£)) w.rt. xeRY

X

Assumptions

» f(.,£): nonconvex differentiable function
(4 some regularity assumptions to define F, VF)

» (&, :n>1): iid copies of r.v { revealed online
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Solution ?

Stochastic Gradient Descent (SGD)

Xn+1 = Xn — Vn Vf(Xn, fn—&-l)

» Limitations

> learning rate tuning
» common learning rate for all the coordinates
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Adaptive Algorithms

standard SGD

Xn+1,i = Xn,i — Vn Vf(X,,, €n+1)i

,n>1

S

Yo =7 OU Ypi=

Adaptive Algorithms
Xn+1,i = Xn,i — Vn,i 8n,i

Yni = W(VF(xp,&pt1)i, p < N)
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RMSProp : coordinatewise stepsize

RMSProp

Xnt1,i = Xni — =7 9= V(Xn,&nt1)i
E+\/ n,i

Xn+l = Xp— F;’%V’((Xmﬁnﬂ)
Va4l = /an + (1 - ﬁ)Vf(Xn7§n+l)®2

—— SGD
RMSProp

x  optimum
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Momentum : (hoping) for acceleration

150

Momentum (aka Heavy Ball)

100

m,  =amp1+ (1 - a)VFf(xp-1,&n) 50
Xp+1 = Xp —YMp

0

Xn+1 = Xn — '7(1 - Q)Vf(xn—hfn) + Q(Xn - Xn—l) =50

—100

=150

— SGD
Momentum

optimum
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ADAM Algorithm

[Kingma and Ba, 2015]

» 51109 citations !

Algorithm 1 ADAM (v, «, 3, ¢)
1 x€RI  my=0 =0 v>0,¢>0, (o, 3) €[0,1)%
2: for n > 1 do
33 mp=amp1+ (1 —a)VFf(xp_1,&n)
: Vp = BVp_1 + (1 - B)vf(xnflvgn)®2

4
5
6: Vnzl%@
7
8

7/22



|. From Discrete
to Continuous-Time ADAM



The ODE method

[Ljung, 1977, Kushner and Yin, 2003]

Z7(t) interpolated from 2) = (z7,m}, v))

1 Zn—1

0 v 2y 3y (n—1)y nvy
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Towards Continuous Time

z) =2z {+vH,(n,z] 1,&n),
For all v > 0, for all z,

hy(n, z) == E(Hy(n,z)_1,&n)|Fn-1)
A= fiv(nvZZ—lvgn)‘_'hw(n’Z:—l)

Decomposition in mean field + martingale noise
Fory >0, z)=2z ;++hy(n,z) ;)+~AY,

7’7_1:/,7(,72 )+A7

»“n—1

9/22



Set (Hmodel) of Assumptions

» Model: regularity assumptions on f (non-convex, diff., ...).
» Coercivity : F : x — E(f(x,&)) coercive.

> Vx € RY, S(x) > 0 where S : x — E(VF(x,£)9?).

» Hyperparameters: verified in practice ("o, close to 1').

» Noise: iid sequence (&,).
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II. Continuous-Time ADAM



Continuous Time System

Non autonomous ODE
If z(t) = (x(t), m(t), v(t)),
z(t) = h(t, z(t)) (ODE)

Theorem

Existence, uniqueness and boundedness of a global solution to the
ODE from (xp,0,0) under (H moder)-

Remark : does not stem from off-the-shelf theorems.
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Convergence to stationary points

Theorem (Convergence)

Under (Hmode/)v

Jim d(x(t), VF7*({0})) = 0.

Key argument : Lyapunov function for the ODE

1
V(t,2) == F(x) + 5 Imll eyt -

» Lemma : t — V/(t,z(t)) is nonincreasing on (0, +00).

P lojasiewicz convergence rates inspired by
[Haraux and Jendoubi, 2015].
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[Il. ADAM with decreasing stepsizes

— Link between asymptotic behavior of (z,) and ODE ?



In this Talk, ADAM with decreasing stepsizes

Algorithm 2 ADAM (((7n, an, Bn) : 0 € N¥),€).

1: Initialization: xp € Rd, mg=0 vw=0 rn=rn=0
2: for n =1 to njer do
3 mp=apmp_1+ (1 —an)VFf(x,—1,&n)

4: Vn = BaVa—1 + (1 - ﬁn)vf(xn—hfn)@z

5 rp=oapmoat(l—a,) —rm=1-]]"_;q
6: Fn:/jnfn—l""_(l_ﬁn)_>Fn:1_H:'1zlﬁi
7. M, = m,/r, {bias correction step}

8  Vp = vp/F, {bias correction step}

9 Xy = Xp_1— E:\"/‘anﬁ,,.

10: end for

» Define (H! _../) = (Hmodel) With v, B, instead of «, 5 i.e.

model
1—

Qn 1*Bn
na —— .
S, aa d i b
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ODE method in Stochastic Approximation

[Ljung, 1977, Kushner and Yin, 2003, Duflo, 1997, Benaim, 1999, Borkar, 2008] ...

Robbins Monro scheme

Zn+1l = Zn + Y41 g (Zn) + Yn+1 Mn+1 41 bn+1 s
~— —~— ~—~—

mean field noise bias

» Noisy discretization of z(t) = g(z(t)).

» Informally:

if v, — 0, noise washes out and " lim,_, o0 2z, = lim— o0 2(t)".
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Almost sure convergence

> RM algorithm :
Zny1 =Zn +Yn+1  hoo  (2n) + Yot1 a1 Y041 g1,
— — ——

mean field noise bias
Assumptions (H.s_c,)

> > 4n =400 and Y, 72 < +o0,
> V compact K C RY, sup,cx E(||VF(x,€)||*) < oo

» Sup,en ||znl] < 00 as.

Theorem (Almost Sure Convergence)

Under (H’ ) + (Has—cv), wW.p.1,

model

nIi_)ngod(x,,,VF_l({O})) =0.
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Stability

Additional assumptions (Hs:ap)

» VF is Lipschitz continuous.
> 3C >0 Vx € RY, E[||VF(x,&)|?] < C(1+ F(x)).

Theorem (stability)
Under (H' ) + (Has—cv) + (Hstan), (zn = (Xn, mp, vp)) satisfies

model

sup ||zp]] < o0 a.s.
neN

» Proof (technical) : adapt Lyapunov function to discrete time.
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Towards a Central Limit Theorem

Our algorithm:  z,11 = 2y +Ynt1hoo(2n) + Ynr1bnr1 +Vns 17011,

Rescaled algorithm:  Zp 1 = 22=2";  ~, = =% k€ (0,1]

vV Yn+1 !
Zny1 = (I + Yn+1 A H , )Zn + 7n+15n+1 + V/Vn+1Mn+1
ﬁlnzll*thoo(Z*)
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CLT using the SDE method

[Pelletier, 1998, Duflo, 1996]

Informal Th. ([Pelletier, 1998] adapted)- Strongly disturbed algo.

Zn+1 = (/ + Yn+1 . Fl p )Zn + 7n+15n+1 + vV Vn+17n+1 € Rk

stable matrix

Under some assumptions (on (1,) and (b,)) a.s on Qy € Fuo,
given o, Z, = u,
unique stationary distribution of the process

dX; = HX.dt + /QdB;,

p~N(@,Z) with AL + £HT = —Q,

where (B;) Brownian, @ omitted here.
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Assumptions (Hc.7)
> Let x* € VF1({0}). 3 neighborhood V of x* s.t.
i) FisC?onV, and V2F(x*) is positive definite.
ii) SisC!on V.
> 3k € (0,1], 70 >0, st. v =70/(n+1)" f k=1, 70 > 5.

> V compact K C RY, pk > 4, sup,cx E(|VF(x,&)||PK) < 0.
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Theorem (CLT)

Assume P(z, — z*) > 0.
Under (H' moder) + (HcLT), given the event {z, — z*},

Zn—2"

ﬁ n—00

(on R39) with a covariance matrix ¥ s.t.

N(0,%).

(H+ Chy) T+ X (HT n g/3d) - Q.

WhereC::0if0</€<1andC::ﬁif/izl.
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Asymptotic variance

» Trigonalization of

0 -D 0
H:= Vheo(z*) = (3V2F(x*) —aly 0 ) ;D = diag ((5 + S(X*))_1>
BVS(x*) 0  —bly

» Influence of b, v,?7 ¥1 = limiting covariance of:

Pn+1 = (1 - a’Yn—i—l)Pn + a'Yn—i—lDVf(Xnafn—&-l)
Xn+1 = Xn — Vn+1Pn+1

i.e. preconditioned stochastic heavy ball.
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Contributions and future work

1. Introduction and analysis of a continuous-time ADAM.

2. Almost sure convergence of ADAM with decreasing stepsizes.

Convergence rates in discrete time? — follow-up work
Avoidance of traps?
What about the non-differentiable case?

More on : anasbarakat.github.io
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mp — Mp— _
Mn — Wn—-1 _ 1 j(y) (VF(XH71)7mn,1)+%W(Vf(xn,l,fn)fVF(an))

v —_—
HYP: —waasy—0
YT Il O (S (k) — vot) + 2O (T (1, €)% — S(x0-1)
~
Xn — Xn—1  (=a")"lm,
ol T er/(1=8") 1w,
. (1—e=)"Im
% __U-e 7)) m
) e+4/(1—e—bt)~1ly
m) = a(VF(X)_m) = h(t,Z) fOI’t>O,Z:(X, m, V).
Y b(S(x) —v)

_ m . S:ix s E(VF(x,€)®2)
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tojasiewicz inequality
[Lojasiewicz, 1963, Attouch and Bolte, 2009]

Assumption (Lojasiewicz property)

Vx* € VF~1({0}), 3¢ > 0,0 >0, 0 € (0, 1] s.t.

VxeRY st [Ix— x| <o, [VFCI 2 el F(x) = F()0.

> satisfied by broad class of functions : semialgebraic functions.
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Convergence rates under tojasiewicz property
inspired by [Haraux and Jendoubi, 2015]

Theorem (Convergence rates)

Under (Hmoder) + Lojasiewicz inequality,
> Ix* € VFL({0}) s.t. limeoo x(t) = x*.
> if 0 € (0,1] is a Lojasiewicz exponent of f at x*, 3C > 0 s.t.
| x(t) — x*|| < CtTm, if0<f< %,
[x(t) — x*|| < Ce™%, for some § > 0 if § = %
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tojasiewicz exponent and speed of convergence

> tojasiewicz exponent : 6 € (0,1] when ¢(s) = g

» Basic example : slower convergence for smaller exponent 1/p.

desingularizing function p(x) = z'/? gradient descent iterates
10 L0 L0
08 0.8 0.8-
0.6 0.6 4 06
04 04 - 0.4
0.2 0.2 0.2
00 00 o
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 04 0.6 0.8 1.0 0 50 100 150 200
x x number of iterations
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Biased vs Unbiased ADAM

With debiasing steps, F(x(t)) < F(xo).

- Algorithm 3 ADAM (v, «, 3,¢)

3025{ & 1: xg € Rd,mo =0, w=0 v>0,e>

| 0, (o, B) € [0,1)2.

3900 2: for n>1 do
3875 3 mp =amp_1+(1—a)VFf(xa—1,&n)
N 4. Vn = BVn—1+ (1 — B)VF(xn_1,&n)?
= 3850 N m,

5: My = 725

3825 6 Un = 717”}3”

3800 7 Xn = Xp—1 — 5+W 5= 11

37751 —— mnon-autonomous ODE solution 8: end for

autonomous ODE solution \
3750

0.000 0.002 0.004 0.006 0.008 0.010
t

Autonomous/Non autonomous ODE solutions for a
100-dimensional Stochastic Quadratic Problem
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