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Problem

min
x∈Rd

f(x)

• f non-convex differentiable.

• ∇f is L−Lipschitz continuous.

• infx∈Rd f(x) > −∞ .

Summary

Main Idea :
clipping the adaptive step size using a
bound depending on L(∇F ).

Contributions :

• sublinear rates in deterministic and
stochastic contexts (no bounded
gradients compared to [1], dimen-
sion free).

• convergence rates on the function
value sequence under Kurdyka-
Łojasiewicz (KL) property.

A momentum algorithm

{
xn+1 = xn − an+1pn+1

pn+1 = pn + b (∇f(xn)− pn)

• coordinatewise product.
• an ∈ Rd may depend on the past

gradients gk := ∇f(xk) and the it-
erates xk for k ≤ n.

• includes SGD, Heavy Ball, ADAM
and other adaptive algorithms [2].

Mild Assumption (verified for ADAM)

There exists α > 0 s.t. an+1 ≤ an
α .

A descent lemma

∀n ∈ N, Hn := f(xn) +
1

2b
〈an, p2

n〉 .

Lemma. Under previous assumptions, ∀n ∈ N, ∀u ∈ R+,

Hn+1 ≤ Hn − 〈an+1p
2
n+1, An+1〉 ,

where An+1 := 1− an+1L

2
− |b− (1− α)|

2u
− 1− α

2b

Deterministic setting

Theorem. Let previous assumptions hold. Assume 1− α < b ≤ 1 and :

• Let ε > 0 s.t. asup := 2
L

(
1− (b−(1−α))2

2bα − 1−α
2b − ε

)
≥ 0.

• Let δ > 0 s.t. ∀n ∈ N, δ ≤ an+1 ≤ min
(
asup,

an
α

)
. (1)

Then (Hn) is nonincreasing, lim∇f(xn)→ 0 as n→ +∞ and

∀n ≥ 1, min
0≤k≤n−1

‖∇f(xk)‖2 ≤ 4

nb2

(
H0 − inf f

δε
+ ‖p0‖2

)
.

Stochastic setting

Theorem. Let previous assumptions hold. Assume 1− α < b ≤ 1 and :

• ∀x ∈ Rd, E‖∇f(x, ξ)−∇F (x)‖2 ≤ σ2.

• Let ε > 0 s.t. āsup := 1
L

(
1− (b−(1−α))2

bα − 1−α
b − ε

)
≥ 0.

• Let δ > 0 s.t. ∀n ≥ 1, almost surely, δ ≤ an+1 ≤ min
(
āsup,

an
α

)
.

E[‖∇F (xτ )‖2] ≤ 4

nδb2α

(
H0 − inf f

ε
+ ‖
√
a0p0‖2 +

nāsupσ
2

2ε

)

where xτ is an iterate uniformly randomly chosen from {x0, · · · , xn−1}.

KL inequality

• satisfied by nonsmooth deep neural networks built from activations ReLU
(max(0, t)), t 7→ t2 and log-exp (log(1 + et)).

Φη := {ϕ ∈ C0[0, η) ∩ C1(0, η) : ϕ(0) = 0 , ϕ concave andϕ′ > 0} .

Definition. (KŁ property, [3, Appendix]) A proper l.s.c function H : R2d →
(−∞,+∞] has the KŁ property locally at z̄ ∈ domH if there exist η > 0, ϕ ∈ Φη
and a neighborhood U(z̄) s.t. for all z ∈ U(z̄) ∩ [H(z̄) < H < H(z̄) + η] :

‖∇(ϕ ◦ (H(·)−H(z̄))) (z)‖ ≥ 1 .

• H becomes sharp under a reparameterization of its values through the so-called
desingularizing function ϕ.
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KL rates (similar techniques to [3, 4])

∀z ∈ Rd × Rd , H(z) = H(x, y) = f(x) +
1

2b
‖y‖2 .

Theorem. Let zk = (xk, yk) where yk =
√
akpk, f(x∗) = limH(zk) where

∇f(x∗) = 0. Suppose that f is coercive, condition (1) holds and

• H is a KŁ function with KŁ exponent θ i.e. ϕ(s) = c̄
θ s
θ, θ ∈ (0, 1].

(i) If θ = 1, then f(xk) converges in a finite number of iterations.

(ii) If 1/2 ≤ θ < 1, then ∃q ∈ (0, 1), C > 0 s.t. f(xk)− f(x∗) ≤ C qk .

(iii) If 0 < θ < 1/2 , then f(xk)− f(x∗) = O(k
1

2θ−1 ) .
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