Convergence Analysis of a Momentum Algorithm
i with Adaptive Step Size for Nonconvex Optimization
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Problem A descent lemma KL inequality

. o 1 5 e satisfied by nonsmooth deep neural networks built from activations ReLU
min, /() Vn €N, Hy = f(@n) + 5p(an, P (max(0,t)), t — t* and log-exp (log(1 + €)).

rERA 2b

Lemma. Under previous assumptions, Vn € N, Vu € R,

e f non-convex differentiable. ®, = {p € C’0,7)NC'(0,n) : p(0) =0, pconcave and ¢’ > 0} .

e Vfis L—Lipschitz continuous. Hyy1 < Hy = (ang1Dp 41, An) Definition. (KL property, [3, Appendix]) A proper Ls.c function H : R*? —
. (—00, 400| has the KL property locally at z € dom H if there existn > 0, p € ®,,
* infyepe f() > =00, where A, :=1 a”‘;[’ b — (21 —a)| 1 2_19& and a neighborhood U(z) s.t. forallz e U(z) N [H(2) < H < H(Z) + ] :
U
IV(po(H() = H(2)))(2)]| = 1.
Summary Deterministic setting L .
e /1 becomes sharp under a reparameterization of its values through the so-called
Main Idea: Theorem. Let previous assumptions hold. Assume 1 —a < b <1 and: desingularizing function .
clipping the adaptive step size using a ,
bound dependlng on L(VF) ° Let e > O St ajsup . % (1 (b—(zlb—a()é)) 12—bOz 5) Z O o - flx) =P - desingularizing function gp(x):xl - gradient descent iterates— -
Contributions : o [eto >0st.VneN, o< Q41 < min (a,sup, %"’) . (1) " E i:ié " " E E:;L
e sublinear rates in deterministic and Then (H, ) is nonincreasing, lim V f(z,,) — 0 as n — 400 and - : ig 5 - I fw : Eg
stochastic contexts (no bounded ) . . 0'4' IR
radients compared to [1], dimen- . 2] o, I
gion free). ’ Vn > 1 min HVf(xk)HQ < i Ho — lnff | HPOHQ . E;S |
- O=ksn—1 - nbz 65 v 0.0 0.2 0.4 0.6 0.8 1.0 v 0.0 0.2 0.4 0.6 ; - ?'0 " 0 50 100 150 200
e convergence rates on the function . ) . | v mumber o fterstions
value sequence under Kurdyka-
Lojasiewicz (KL) property. Stochastic setting KL rates (similar techniques to [3, 4])
Theorem. Let previous assumptions hold. Assumel —a < b <1and: 1
| P P Vz e R xRY, H(z) = H(,y) = f(2) + o ly*
A momentum algorithm o Yz c RY, E|Vf(x, &) — VF(2)|? < o2
ot Dot e 1 (1 b—(1-a)?  1-o .- Theorem. Let zp, = (zk,yr) Wwhere yr = Jarpr, f(x,) = lim H(zx) where
* Lete > USL lsup == 7 ( ba b 5) = V f(z«) = 0. Suppose that f is coercive, condition (1) holds and
Tntl = Ty — Ant-1DPn Letd > 0s.t. Vn > 1, almost surely, 0 < a,,+1 < min (Gsyp, -2 ) . . . . . _
i P ’ "= Yo 0 = fntl > (@sup> ) e H is a KL function with KL exponent 6 i.e. p(s) = 5%, 6 € (0,1].
Pr+1 =Pn +0(Vf(zn) — pn) ) .
4 H, — inf Oariry T2 i) If 6 = 1, then f(xr) converges in a finite number of iterations.
e coordinatewise product. L[| VE (z,)]]7] < 73 ( o —intJ - |l/aopol|” 4 na2pa > W f @) 5
e a, € RY may depend on the past nommer . - (i) If 1/2 <0 < 1,thendq € (0,1),C > 0 s.t. f(x) — f(x,) < Cq".
gradients g, := V f(zr) and the it- | | | )
erates . for k < n. where x; is an iterate uniformly randomly chosen from {zq,--- ,z,_1}. (iii) If 0 < @ < 1/2, then f(xr) — f(xx) = O(kZ°-1).

e includes SGD, Heavy Ball, ADAM
and other adaptive algorithms [2]. References
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Mild Assumption (verified for ADAM)




