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Problem

min F(x) := E(f(x,£)) w.rt. xeRY

X

Assumptions

» f(.,£): nonconvex differentiable function
(4 some regularity assumptions to define F, VF)

» (&, :n>1): iid copies of r.v { revealed online
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ADAM Algorithm

[Kingma and Ba, 2015]

» More than 52000 citations !

Algorithm 1 ADAM (v, «, 3, ¢)
1 x€RI  my=0 =0 v>0,¢>0, (o, 3) €[0,1)%
2: for n > 1 do
33 mp=amp1+ (1 —a)VFf(xp_1,&n)
: Vp = BVp_1 + (1 - B)vf(xnflvgn)®2

4
5
6: Vnzlivi:’gn
7
8
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Set (Hmodel) of Assumptions

» Model: regularity assumptions on f (non-convex, diff., ...).
» Coercivity : F : x — E(f(x,&)) coercive.

> Vx € RY, S(x) > 0 where S : x — E(VF(x,£)9?).

» Hyperparameters: verified in practice ("o, close to 1').

» Noise: iid sequence (&,).
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|. From Discrete
to Continuous-Time ADAM



The ODE method

[Ljung, 1977, Kushner and Yin, 2003]

Z7(t) interpolated from 2) = (z7,m}, v))

1 Zn—1

0 v 2y 3y (n—1)y nvy
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Towards Continuous Time

z) =2z {+vH,(n,z] 1,&n),
For all v > 0, for all z,

hy(n, z) == E(Hy(n,z)_1,&n)|Fn-1)
A= fiv(nvZZ—lvgn)‘_'hw(n’Z:—l)

Decomposition in mean field + martingale noise
Fory >0, z)=2z ;++hy(n,z) ;)+~AY,

7’7_1:/,7(,72 )+A7

»“n—1
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II. Continuous-Time ADAM



Continuous Time System

Non autonomous ODE
If z(t) = (x(t), m(t), v(t)),
z(t) = h(t,z(t)) (ODE)

Theorem

Existence, uniqueness and boundedness of a global solution to the
ODE from (xp,0,0) under (H moder)-
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Convergence to stationary points

Theorem (Convergence)

Under (%model).

Jim_ d(x(t), VF71({0})) = 0.

Key argument : Lyapunov function for the ODE

1
V(t,z):= F(x)+ 5 ||m||%J(t,v)*1 :
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[Il. ADAM with decreasing stepsizes

— Link between asymptotic behavior of (z,) and ODE ?



In this Talk, ADAM with decreasing stepsizes

Algorithm 2 ADAM (((7n, an, Bn) : 0 € N¥),€).

1: Initialization: xp € Rd, mg=0 vw=0 rn=rn=0
2: for n =1 to njer do
3 mp=apmp_1+ (1 —an)VFf(x,—1,&n)

4: Vn = BaVa—1 + (1 - ﬁn)vf(xn—hfn)@z

5 rp=oapmoat(l—a,) —rm=1-]]"_;q
6: Fn:/jnfn—l""_(l_ﬁn)_>Fn:1_H:'1zlﬁi
7. M, = m,/r, {bias correction step}

8  Vp = vp/F, {bias correction step}

9 Xy = Xp_1— E:\"/‘anﬁ,,.

10: end for

» Define (H! _../) = (Hmodel) With v, B, instead of «, 5 i.e.

model
1—

Qn 1*Bn
na —— .
S, aa d i b
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ODE method in Stochastic Approximation

[Ljung, 1977, Kushner and Yin, 2003, Duflo, 1997, Benaim, 1999, Borkar, 2008] ...

Robbins Monro scheme

Zn+1l = Zn + Y41 g (Zn) + Yn+1 Mn+1 41 bn+1 s
~— —~— ~—~—

mean field noise bias

» Noisy discretization of z(t) = g(z(t)).

» Informally:

if v, — 0, noise washes out and " lim,_, o0 2z, = lim— o0 2(t)".
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Almost sure convergence

> RM algorithm :
Zny1 =Zn +Yn+1  hoo  (2n) + Yot1 a1 Y041 g1,
— — ——

mean field noise bias
Assumptions (H.s_c,)

> > 4n =400 and Y, 72 < +o0,
> V compact K C RY, sup,cx E(||VF(x,€)||*) < oo

» sup,en ||zn]| < +00 a.s. (proven separately)

Theorem (Almost Sure Convergence)

Under (H’ ) + (Has—cv), wW.p.1,

model

nIi_)ngod(x,,,VF_l({O})) =0.
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Towards a Central Limit Theorem

Our algorithm: Zn+1 = Zn+ ')’n—l—lhoo(zn) +Ynr1bnt1 +Ynr10ns1,

Rescaled algorithm:  Z,.1 = %; o =n"" K € (0,1]

Strongly disturbed algorithm:

Zn+1 = (I + Yna1 I:I )Zn + 7n+15n+1 + V/Yn+1Mn+1
ﬁln:1l+vhoo(2*)
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Assumptions (Hc.7)
> Let x* € VF1({0}). 3 neighborhood V of x* s.t.
i) FisC?onV, and V2F(x*) is positive definite.
ii) SisC!on V.
> 3k € (0,1], 70 >0, st. v =70/(n+1)" f k=1, 70 > 5.

> V compact K C RY, pk > 4, sup,cx E(|VF(x,&)||PK) < 0.
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Theorem (CLT)

Assume P(z, — z*) > 0.
Under (H' moder) + (HcLT), given the event {z, — z*},

Zn—2"

ﬁ n—00

(on R39) with a covariance matrix ¥ s.t.

N(0,%).

(H+ Chy) T+ X (HT n g/3d) - Q.

WhereC::0if0</€<1andC::ﬁif/izl.

14/15



Contributions and future work

1. Introduction and analysis of a continuous-time ADAM.

2. Almost sure convergence of ADAM with decreasing stepsizes.

Avoidance of traps?
What about the non-differentiable case?

More on : https://anasbarakat.github.io, on arxiv

and on my pre-recorded talk
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Related Work

Duchi et al., JMLR
AdaGrad Regret Bound

2015

2011

Kingma & Ba, ICLR
ADAM Regret Bound

Reddi et al., ICLR
counter-example and AMSGrad

2018

2018

Basu et al.,

noiseless version, specific parameters
Chen et al.

stochastic, AMSGrad and AdaGrad,
not easy to generalize to Adam
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