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Guiding principle: ODE method
[Ljung, 1977, Kushner and Yin, 2003, Duflo, 1997, Benäım, 1999, Borkar, 2008] ...

Algorithm

zn+1 = zn + γn+1H(n, zn, ξn+1)

= zn + γn+1h(n, zn) + γn+1ηn+1 .

where h(n, z) := E[H(n, zn, ξn+1)|Fn],Fn := σ(z0, ξ1, · · · , ξn).

noisy discretization of

ODE

ż(t) = h(t, z(t))

I Constant/decreasing stepsizes.

I Autonomous/non-autonomous.

I Stochastic optimization/RL.
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Problem

min
x

F (x) := E(f (x , ξ)) w.r.t. x ∈ Rd

Assumptions

I f ( . , ξ): nonconvex differentiable function
(+ some regularity assumptions to define F , ∇F )

I (ξn : n ≥ 1): iid copies of r.v ξ revealed online
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Solution?
[Robbins and Monro, 1951]

Stochastic Gradient Descent (SGD)

xn+1 = xn − γn∇f (xn, ξn+1)

= xn − γn∇F (xn) + γnηn+1 .

ẋ(t) = −∇F (x(t)) (ODE)

I Limitations
I learning rate tuning
I common learning rate for all the coordinates
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RMSProp : coordinatewise stepsize
[Tieleman and Hinton, 2012]

RMSProp

xn+1,i = xn,i − γ0
ε+
√

vn,i
∇f (xn, ξn+1)i

{
xn+1 = xn − γ0

ε+
√

vn
∇f (xn, ξn+1)

vn+1 = βvn + (1− β)∇f (xn, ξn+1)�2
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Momentum : (hoping) for acceleration

Momentum (aka Heavy Ball)

{
mn = αmn−1 + (1− α)∇f (xn−1, ξn)

xn+1 = xn − γmn

xn+1 = xn − γ(1− α)∇f (xn−1, ξn) + α(xn − xn−1)
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ADAM Algorithm
[Kingma and Ba, 2015]

I > 90000 citations!

Algorithm 1 ADAM (γ, α, β, ε)

1: x0 ∈ Rd ,m0 = 0, v0 = 0, γ > 0, ε > 0, (α, β) ∈ [0, 1)2.
2: for n ≥ 1 do
3: mn = αmn−1 + (1− α)∇f (xn−1, ξn)
4: vn = βvn−1 + (1− β)∇f (xn−1, ξn)�2

5: m̂n = mn
1−αn

6: v̂n = vn
1−βn

7: xn = xn−1 − γ
ε+
√

v̂n
m̂n

8: end for

I Hyperparameters: in practice α, β close to 1.
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Related Work

I Existing theoretical guarantees

I Regret bounds in the convex setting for variants of ADAM
[Kingma and Ba, 2015, Reddi et al., 2018,
Alacaoglu et al., 2020b].

I Control of min0≤k≤N E[‖∇F (xk )‖2].
[Zaheer et al., 2018, Basu et al., 2018, Chen et al., 2019,
Zou et al., 2019, Alacaoglu et al., 2020a]

What about the convergence of the iterates?
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1. Convergence analysis of Adam

A. B. & Pascal Bianchi (2021). Convergence and Dynamical Behavior of
the ADAM Algorithm for Non-Convex Stochastic Optimization.

In: SIAM Journal on Optimization, 31 (1), 244-274.



Continuous Time System

Non autonomous ODE

If z(t) = (x(t),m(t), v(t)), z(0) = (x0, 0, 0),

ż(t) = h(t, z(t)) , (ODE)

h(t, z︸︷︷︸
(x ,m,v)

) =

 − (1−e−at )−1m

ε+
√

(1−e−bt )−1v

a(∇F (x)−m)
b(E(∇f (x , ξ)�2)− v)

 , a, b constants

Theorem

Under regularity assumptions on f , coercivity of F and ’α, β ∼ 1’,

there exists a unique bounded global solution to ODE.
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Convergence to stationary points

Theorem

Under same assumptions,

lim
t→∞

d(x(t), zeros∇F︸ ︷︷ ︸
critical points

) = 0 .

Key argument : Lyapunov function for the ODE

V (t, z) := F (x) +
1

2
‖m‖2

t,v .

I + Convergence rates under  Lojasiewicz property.
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Long run convergence of the ADAM iterates
Techniques [Fort and Pagès, 1999, Bianchi et al., 2019]

I No a.s convergence : regime n→∞ then γ → 0

Theorem

Under some standard assumptions, a moment assumption and:

I stability assumption: supn,γ E‖zγn ‖ <∞ .

Then, for all δ > 0,

lim
γ↓0

lim sup
n→∞

1

n

n∑
k=1

P(d(xγn , zeros∇F︸ ︷︷ ︸
critical points

) > δ) = 0 .
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Novel ADAM with decreasing stepsizes

Algorithm 2 ADAM (γn, αn, βn, ε).

1: Initialization: x0 ∈ Rd ,m0 = 0, v0 = 0, r0 = r̄0 = 0.
2: for n = 1 to niter do
3: mn = αnmn−1 + (1− αn)∇f (xn−1, ξn)
4: vn = βnvn−1 + (1− βn)∇f (xn−1, ξn)�2

5: rn = αnrn−1 + (1− αn)
6: r̄n = βn r̄n−1 + (1− βn)
7: m̂n = mn/rn {bias correction step}
8: v̂n = vn/r̄n {bias correction step}
9: xn = xn−1 − γn

ε+
√

v̂n
m̂n .

10: end for
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Almost sure convergence

I ODE method: h∞(z) = limt→∞ h(t, z)

zn = (xn,mn, vn)

zn+1 = zn + γn+1 h∞︸︷︷︸
mean field

(zn) + γn+1 ηn+1︸︷︷︸
noise

+γn+1 bn+1︸︷︷︸
bias→0 a.s.

,

Theorem

Under some regularity and moment assumptions and if∑
n γn = +∞ and

∑
n γ

2
n < +∞, then, w.p.1,

lim
n→∞

d(xn, zeros∇F︸ ︷︷ ︸
critical points

) = 0 .
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Fluctuations

Theorem (conditional CLT)

Under some assumptions, given the event {zn → z∗},

zn − z∗√
γn

D−−−→
n→∞

N (0,Σ) .

with Σ solution to Lyapunov equation (closed formula).
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2. Generalization to stochastic
momentum algorithms

A. B., Pascal Bianchi, Walid Hachem & Sholom Schechtman (2021).

Stochastic optimization with momentum: convergence, fluctuations, and

traps avoidance. In: Electronic Journal of Statistics 15 (2), 3892-3947.



A General Dynamical System
including ADAM and many others

I Non-autonomous ODE [Belotto da Silva and Gazeau, 2020]

z(t) = (v(t),m(t), x(t))

ż(t) = h(t, z(t)) ⇐⇒


v̇(t) = p(t)S(x(t))− q(t)v(t)

ṁ(t) = h(t)∇F (x(t))− r(t)m(t)

ẋ(t) = −m(t)/
√

v(t) + ε

I h∞(z) = limt→∞ h(t, z).

Theorem

lim
t→∞

d(z(t), zeros h∞) = 0 ,

lim
t→∞

d(x(t), zeros∇F ) = 0 .
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A particular case: Nesterov

Theorem (Nesterov ODE)

Let F be possibly nonconvex, then

lim
t→∞

d(x(t), zeros∇F ) = 0 ,

where the prior ODE amounts to ẍ(t) + 3
t ẋ(t) +∇F (x(t)) = 0 .

I [Su et al., 2016] (convex setting) and [Cabot et al., 2009]
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General Algorithm

Stochastic algorithm


vn+1 = (1− γn+1qn)vn + γn+1pn∇f (xn, ξn+1)�2

mn+1 = (1− γn+1rn)mn + γn+1hn∇f (xn, ξn+1)

xn+1 = xn − γn+1mn+1/
√
vn+1 + ε

I Generalization of Adam results: a.s. convergence, CLT.

I [Gadat and Gavra, 2020] AdaGrad and RMSProp with
the possibility to use mini-batches but without momentum.
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Avoidance of trap problem
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I Points where ∇2F (x) is not positive semidefinite:
e.g., saddle points, local maxima.

Do the algorithms converge toward these undesirable points?
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The invariant manifold approach
[Pemantle, 1990, Brandière and Duflo, 1996, Benäım, 1999]

ż(t) = h(z(t)) with h(z) = h((x , y)) = (−x+(x2−y)4, y−3x2) .

zn+1 = zn + γnh(zn) + γnηn+1 .
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Our general avoidance of traps result
Non-autonomous invariant manifold [Pötzsche and Rasmussen, 2006]

There exist an invariant manifold for ż(t) = h(t, z(t)):

M =

{(
t,

[
z−

w(z−, t)

])
∈ I × Rd : z− ∈ Rd−

}
where d+ = dim(Eigen(∇h(z?) : Re(λ) > 0)).

Theorem

zn+1 = zn + γn+1h(n, zn) + γn+1ηn+1 + γn+1bn+1

Assume h(t, z) = ∇h∞(z?)(z − z?) + e(t, z) close to z? ∈ zeros h∞
and

lim inf E[‖P+(ηn+1)‖2 | Fn] ≥ c2 > 0 ,

where P+(ηn) projection on Eigen(∇h∞(z?)) s.t.Re(λ) > 0. Under
assumptions on e , bn , ηn , γn, P([zn → z?]) = 0.
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Application to stochastic algorithms

Proposition

Let z? = (x?,m?, v?) ∈ zeros h∞ and write:

h(t, z) = ∇h∞(z?)(z − z?) + e(z , t) .

dim(Eigen(∇h∞(z?) : Re(λ) > 0)) = dim(Eigen(∇2F (x?) : Re(λ) < 0)) .

Eg. Trap avoidance for S-NAG

Let x? ∈ zeros∇F s.t. ∇2F (x?) has a negative eigenvalue. If

ΠuEξ(∇f (x?, ξ)−∇F (x?))(∇f (x?, ξ)−∇F (x?))T Πu 6= 0 ,

where Πu orthogonal projector on Eigen(∇2F (x?)) s.t. Re(λ) < 0 .

Then, P([xn → x?]) = 0 .
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3. Some non-asymptotic results

A. B. & Pascal Bianchi (2020). Convergence Rates of a Momentum Al-
gorithm with Bounded Adaptive Stepsize for Non-Convex Optimization.

In: Asian Conference on Machine Learning 2020, PMLR, 129, 225-240.



A Momentum Algorithm with Adaptive Stepsize

Algorithm


mn+1 = mn + b (∇f (xn, ξn+1)−mn)

xn+1 = xn − an+1︸︷︷︸
∈Rd

+

mn+1

I recovers SGD, Heavy Ball, AdaGrad, Adam ....
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Theorem (stochastic)

Under standard regularity assumptions, if :

0 < δ ≤ an+1 ≤ asup(L) ' 2

L
,

then,

1

n

n−1∑
k=0

E[‖∇F (xk )‖2] = O

(
1

n

)
+ O(σ2)︸ ︷︷ ︸
∀x ,V(∇f (x ,ξ))≤σ2

.

I Limitations: clipping and same as SGD.
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Convergence rates under the K L property

I local prop. satisfied by semialgebraic funs, even NNs (ReLU).

Theorem (deterministic)

Under the same assumptions on F and an, if:

I F is a K L function with K L exponent θ,

then, limk F (xk ) = F (x∗) for some critical point x∗ and

F (xk )− F (x∗) =

{
O(qk ) for q ∈ (0, 1) if 1/2 ≤ θ < 1

O(k
1

2θ−1 ) if 0 < θ < 1/2

I [Bolte et al., 2018] for gradient-like descent sequences.
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4. Actor-critic with target network
and linear FA for RL

A. B, Pascal Bianchi & Julien Lehmann (2021). Analysis of a Target-Based
Actor-Critic Algorithm with Linear Function Approximation.

ArXiv Preprint: arXiv:2106.07472.



(Preliminary) Motivation

I Stochastic approximation and ODE method.

I Actor-critic: popular methods in deep RL.

Outline

a. Standard Actor-Critic

b. Actor-Critic with target network

c. Critic analysis

d. Actor analysis
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Reinforcement Learning

Agent

Environment

ActionRewardState

Goal

Maximize long-term rewards
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Markov Decision Process and RL problem

I Environment → MDP (S,A, p,R, ρ, γ).

I Agent → Policy π : S → P(A).

Problem

max
π

J(π) := Eρ,π

[
+∞∑
t=0

γtRt+1

]
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Policy Gradient framework

I Policy parameterization: maxθ∈Rd J(θ) := J(πθ).

I (Stochastic) Gradient Ascent:

θt+1 = θt + αt∇̂J(θt) .

Policy Gradient Theorem [Sutton et al., 1999, Konda, 2002]

Under some regularity conditions on θ 7→ πθ,

∇J(θ) = E(S ,A)∼µρ,θ [ ∆πθ(S ,A)︸ ︷︷ ︸
advantage function

∇ lnπθ(A|S)] ,

where µρ,θ is the discounted state-action visitation distribution.
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Policy evaluation

I Given π, to estimate ∆π, estimate Vπ where:

Vπ(s) := Eπ

[ ∞∑
t=0

γtRt+1|S0 = s

]
.

I Temporal Difference (TD) learning algorithm:

Vt+1(St) = Vt(St) + βt (Rt+1 + γ Vt(St+1)− Vt(St))︸ ︷︷ ︸
̂∆π(St ,At )

.
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(Standard) Actor-Critic

ACTOR

CRITIC

Policy Gradient

TD learning
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Critic with function approximation

Huge state space → use FA: Vπθ(s) ≈ Vω(s).

ωt+1 = ωt + βt(Rt+1 + γVωt (St+1)− Vωt (St))∇ωVωt (St) .

I Linear FA: Vω(s) = ωTφ(s) where ω ∈ Rm for m� |S|.

I Nonlinear FA: Vω(s) = NNω(s).

→ INSTABILITY [Tsitsiklis and Van Roy, 1997]
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Experimental trick: using a target network

Standard critic with FA:

TD learning with FA

Now:

Target Network(Target) - TD learning
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Target-based actor-critic

ACTOR

CRITIC

Policy Gradient

TARGET NETWORK

(Target) - TD learning
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Motivation: few remarks

I Trick was proposed in [Mnih et al., 2013] for DQN and
analyzed in [Avrachenkov et al., 2021].

I Several deep RL actor-critic use this trick.
Is this theoretically sound?

I Here, we look at linear FA to pave the way for nonlinear FA.

I even linear setting not understood for AC,
[Lee and He, 2019] single timescale target-TD,
[Zhang et al., 2021] value-based methods .
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Critic analysis
ACTOR

CRITIC

TARGET NETWORK



Convergence analysis (Critic)

I Multi-timescales SA
[Borkar, 1997, Borkar, 2008, Karmakar and Bhatnagar, 2018]

Theorem

Under standard assumptions (Markov chain ergodicity, stepsizes,
independence of the features), if αt

ξt
→ 0 and ξt

βt
→ 0,

lim
t
‖ωt − ω∗(θt)‖ = 0 w .p.1 .

where ω∗(θ) solution to some linear system ∀ θ.

I same interpretation than TD-like solution with linear FA
[Tsitsiklis and Van Roy, 1997]
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Finite-time analysis (Critic)

Theorem

Let 0 < β < ξ < α < 1. Set αt = c1
tα , ξt = c2

tξ
, βt = c3

tβ
. Then,

1

T

T∑
t=1

E[‖ωt − ω∗(θt)‖2] = O
(

1

T 1−ξ

)
+O

(
logT

Tβ

)
+O

(
1

T 2(α−ξ)

)
+O

(
1

T 2(ξ−β)

)
.

I α > ξ and ξ > β.
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Actor analysis
ACTOR

CRITIC

TARGET NETWORK



Convergence analysis (Actor)

Theorem

Under same assumptions, if αt
ξt
→ 0 and ξt

βt
→ 0,

lim inf
t

‖∇J(θt)‖ − ‖b(θt)‖︸ ︷︷ ︸
bias due to linear FA

 ≤ 0 ,w .p.1
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Finite-time analysis (Actor)

Preliminary result

Set αt = c1
tα , ξt = c2

tξ
, βt = c3

tβ
with 0 < β < ξ < α < 1. Then,

1

T

T∑
t=1

E[‖∇J(θt)‖2] = O
(

1

T 1−α

)
+O

(
log2 T

Tα

)

+O
(

1

T

T∑
t=1

E[‖ωt − ω∗(θt)‖2]

)
+O (εFA) .

Theorem (Actor with tuned stepsizes)

Set αt = c1

t2/3 , ξt = c2

t1/2 , βt = c3

t1/3 . Then,

1

T

T∑
t=1

E[‖∇J(θt)‖2] = O
(

logT

T 1/3

)
+O (εFA) .
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Contributions and perspectives
About AC methods with target networks for RL

I Contributions

I Convergence analysis: critic and actor.

I Finite-time analysis: average expected gradient norm.

I Perspectives

I Nonlinear FA for deep RL.

I Off-policy learning.
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Contributions of this thesis
Non-convex stochastic optimization

I Adam.
I ODE analysis,

I constant stepsize,

I decreasing stepsizes.

I Generalization beyond Adam.
I Avoidance of traps: general non-autonomous result.

I Non-asymptotic results.
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Perspectives
Non-convex stochastic optimization

I Non-asymptotic results: extension of the KL analysis to the
stochastic setting?

I Constrained optimization: proximal variants.

I Nonsmoothness/non-differentiability.
[Davis et al., 2020, Bolte and Pauwels, 2019]

Possibility of bridging both parts: momentum and RL.
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