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General Utility RL

• MDP M(S,A,P, F, ρ, γ) with a general utility function F ,

• Parameterized policy πθ, θ ∈ Rd ,

• State-action occupancy measure:

λπθ (s, a) =

+∞∑
t=0

γtPρ,πθ
(st = s, at = a) = dπθ (s)πθ(a|s) .

max
θ∈Rd

F (λπθ )

Applications

Imitation Learning Pure exploration

Risk-sensitive/averse RL Experiment design

...

Gaps in Prior Work on Theoretical RLGU

• Different analysis from recent PG advances.

• Convex RL/RLGU, mainly restricted to TABULAR setting.

Global Optimality of PG in RLGU?

1. How to reconcile PG analysis in standard RL with RLGU?

2. How to scale RLGU policy optimization to large scale S ×A?

• How to estimate unknown λπθ in large scale S ×A?

Challenges

1. Nonconvex optimization problem (but hidden convexity).
2. No Forward Bellman equation, rather Backward Bellman flow.
3. Monte-Carlo (count-based) estimates do not scale.

Main Contributions
1. Tabular setting: RLGU objective gradient domination.

2. Function Approx.setting: PG algorithm and sample complex-
ity scaling with dimension of the function approx. params.

Occupancy Measure Estimation via Function Approx.

• Motivation: dπ(s) linear in density features in low-rank MDPs:

P (s′|s, a) = ⟨ϕ(s, a), µ(s′)⟩ =⇒ dπ(s) = ρ(s) + ⟨ωπ, µ(s)⟩ ,

• Samples {si}ni=1 ∈ Sn and function approximation class:

Λ := {pω ∈ ∆(S) |ω ∈ Ω ⊆ Rm } , m ≪ |S| .

MLE : dπθ ≃ pω∗ , ω∗ ∈ argmax
ω∈Ω

1

n

n∑
i=1

log pω(si) .

Algorithm (PG for RLGU with Occupancy Approx)

for t = 0, . . . , T − 1 do

1/Pseudo-reward learning via Occup. approx.

Compute MLE estimator λ̂t = d̂πθt · πθt , then define:

r̂t = ∇λF (λ̂t) ≃ ∇λF (λπθt )

2/Policy parameter update
Sample N independent H-trajectories (τ (i)t )1≤i≤N using πθt .

θt+1 = θt + α⁄�∇θF (λπθt ), ⁄�∇θF (λπθt ) =
1

N

N∑
i=1

g(τ
(i)
t , θt, r̂t).

Return: θT

RLGU Gradient Domination (Tabular Setting)

Theorem. Under concavity of F w.r.t. λ, for every θ ∈ Rd,

F (λπθ⋆ )− F (λπθ)︸ ︷︷ ︸
Optimality Gap

≤ κ(θ) max
π̄∈Π

⟨π̄ − πθ,∇θF (λπθ)⟩︸ ︷︷ ︸
First-Order Stationarity Metric

,

with policy-dependent mismatch coefficient:

κ(θ) :=
1

1− γ

∥∥∥∥∥dπ
⋆(rθ)

ρ

µ

∥∥∥∥∥
∞

, rθ := ∇λF (λπθ ) d = |S| · |A| ,

π⋆(r) ∈ argmaxπ∈Π V π(r) for any r ∈ R|S|·|A|, θ⋆ an optimal policy
parameter and any µ ∈ ∆(S) s.t. µ(s) > 0 for all states s ∈ S .

Assumptions

1. Function approx. class regularity (parameter compactness
Bω := maxω∈Ω ∥ω∥∞, realizability λπ ∈ Λ, Lipschitzness of pω)

2. Smooth policy (over)parametrization (softmax πθ).

3. Utility smoothness (∥∇λF (λ1)−∇λF (λ2)∥2 ≤ Lλ∥λ1 − λ2∥2 .)

Sample complexity (Function Approximation Setting)

MLE: ∀δ, w.p. at least 1− δ, ∥λ̂πθ − λπθ∥1 ≤ 6

…
12m log

(
2⌈BωBLn⌉

δ

)
n .

Setting Guarantee Sample complexity

F non-concave E[∥∇F (λπθout )∥2] ≤ ε
Õ( m︸︷︷︸

dim(fun. approx)

ε−2)

F concave E[F ∗ − F (λπθout )] ≤ ε
Õ( m︸︷︷︸

dim(fun. approx)

ε−4)

Future Work
• Continuous state-action spaces
• Beyond discounted infinite-horizon rewards
• Convex Markov Games
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