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Problem Setting

Markov Decision Process (MDP):

M = (S, A, P , r, ρ, γ).

Parameterized policy: πθ , θ ∈ Rd.

Goal: max
θ

J(θ) := Eρ,πθ

+∞∑
h=0

γhr(sh, ah)
 .

Assumptions

Assumption 1. Fisher-non-degenerate (FND)
policy. There exists µF > 0 such that for all θ ∈ Rd,

Fρ(θ) ≽ µF · Id, where

Fρ(θ) := Es∼d
πθ
ρ , a∼πθ(·|s)[∇ log πθ(a|s)∇ log πθ(a|s)⊤] .

Examples: Gaussian and Cauchy policies (S and A
can be continuous!)

πθ(a|s) = 1
σ

√
2π

exp
−(a − φ(s)⊤θ)2

2σ2

 ,

πθ(a|s) = 1
πσ

1 +
a − φ(s)⊤θ

σ

2
−1

.

Assumption 2. Compatible function approximation
framework [1, 2, 3]. For all θ ∈ Rd,
E[(Aπθ(s, a) − (1 − γ)w∗(θ)⊤ ∇ log πθ(a|s))2] ≤ εbias ,

where Aπθ is the advantage function,
w∗(θ) := Fρ(θ)†∇J(θ), π∗ is an optimal policy,
and E ≡ Es∼dπ∗

ρ , a∼π∗(·|s) .

Prior Work

Sample complexities for achieving E [J∗ − J(θ)] ≤ ε.
Discrete/finite

S , A spaces
FND policies

(Assumptions 1 and 2)

TSIVR-PG Vanilla-PG [1]
(Q)-NPG SRVR-PG and Natural-PG [2]

Policy Mirror Descent STORM-PG-F [3]

Õ(ε−2) Õ(ε−3)

Question

Can we improve Õ(ε−3) sample complexity for
FND policies using computationally efficient
PG algorithm?

Algorithms

Algorithm 1 N-PG-IGT
Normalized-PG-with Implicit Gradient Transport [4]

1: Input: θ0, θ1, d0, T , H, {ηt}t≥0, {γt}t≥0
2: for t = 1, . . . , T − 1 do
3: θ̄t = θt + 1 − ηt

ηt
(θt − θt−1)

4: Sample a trajectory τ̄t ∼ p(·|πθ̄t
) of length H

5: dt = (1 − ηt)dt−1 + ηt∇̃J(τ̄t, θ̄t)

6: θt+1 = θt + γt
dt

∥dt∥
7: end for

Algorithm 2 (N)-HARPG
(Normalized)-Hessian-Aided Recursive PG

1: Input: θ0, θ1, d0, T , H, {ηt}t≥0, {γt}t≥0
2: for t = 1, . . . , T − 1 do
3: qt ∼ U([0, 1])
4: θ̂t = qtθt + (1 − qt)θt−1
5: Sample τt ∼ p(·|πθt

); τ̂t ∼ p(·|πθ̂t
) of length H

6: vt = ∇̃2J(τ̂t, θ̂t)(θt − θt−1)
7: dt = (1 − ηt) (dt−1 + vt) + ηt∇̃J(τt, θt)

8: θt+1 =

 θt + γtdt (HARPG)
θt + γt

dt

∥dt∥ (N-HARPG) [5]
9: end for

Advantages:

• Easy to implement • Batch-free
• No IS weights • Comp. efficient
• Single loop • Low memory

Global Convergence

N-PG-IGT

Theorem 1. Under Assumptions 1, 2 and reg-
ularity of πθ, if we set γt = O

(
1
t

)
, ηt = 1

(t+1)4/5

and H = (1 − γ)−1 log(T + 1), then

J∗ − E [J(θT )] ≤ O
( 1

(T + 1)2/5

)
+

√
εbias

1 − γ
.

HARPG and N-HARPG

Theorem 2. Under Assumptions 1, 2 and regularity
of πθ, if we set γt = O

(
1

t1/2

)
(γt = O

(
1
t

)
for N-HARPG),

and ηt = 1
t+1, H = (1 − γ)−1 log(T + 1), then

J∗ − E [J(θT )] ≤ O
( 1

(T + 1)1/2

)
+

√
εbias

1 − γ
.

Summary of Sample Complexities

Vanilla-PG N-PG-IGT (N)-HARPG

FOSP
E [∥∇J(θ)∥] ≤ ε

Õ(ε−4)
[1]

Õ(ε−3.5)
(new)

Õ(ε−3)
[5]

Global(a)

E [J∗ − J(θ)] ≤ ε
Õ(ε−3)

[1]
Õ(ε−2.5)
(new)

Õ(ε−2)
(new)

(a) Under Assumptions 1, 2; up to an error bar controlled by εbias.

Proof Sketch for N-PG-IGT

Define: JH(θ) := Eρ,πθ

H−1∑
h=0

γtr(sh, ah)
 .

Step I. Ascent-like lemma. If θt+1 = θt + γt
dt

∥dt∥, then

J(θt+1) ≥ J(θt) + γt

3
∥∇J(θt)∥ − 8γt

3
∥êt∥ − O(γ2

t + γHγt) ,

where êt := dt − ∇JH(θt).

Step II. Relaxed weak gradient domination [3].
Lemma 1. Let Assumptions 1, 2 hold, and, in addition,
∥∇ log πθ(a|s)∥ ≤ Mg for all a ∈ A, s ∈ S. Then

ε′ + ∥∇J(θ)∥ ≥
√

2µ (J∗ − J(θ)) for all θ ∈ Rd,

where ε′ := µF
√

εbias
Mg(1−γ) and µ := µ2

F

2M 2
g
.

Step III. Variance reduction control.

êt = (1 − ηt)êt−1 + ηtet + (1 − ηt)St + ηtZt,

where et := ∇̃J(τ̃t, θ̃t) − ∇JH(θ̃t), and St, Zt are second-
order Taylor approximation of J . E [∥êt∥] = O

(
t−2/5

)
.

Step IV. Combine I-III and bound δt := E [J∗ − J(θt)].

δt+1 ≤ (1 − Ω(γt))δt + O(γtt
−2/5 + γ2

t + ε′γt).

Experiments

Continuous control tasks: Walker (top), Reacher.
Policy Parameterization: πθ(·|s) ∼ N (µθ(s), Σθ(s)).
Experiment 1. Convergence with tuned initial γ0.
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Experiment 2. Robustness to initial step-size choice.
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